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On the Construction of Gaussian Quadrature 
Rules from Modified Moments * 

By Walter Gautschi 

Abstract. Given a weight function (o(x) on (a, /1), and a system of polynomials {Pk(X)}k=O. 

with degree Pk(X) = k, we consider the problem of constructing Gaussian quadrature rules 

(11f(x)w(x)dx _ = A(n))f("()) from "modified moments" Vk = bfpk(x)w(x)dx. Classical 
procedures take pk(X) = Xk , but suffer from progressive ill-conditioning as n increases. A 
more recent procedure, due to Sack and Donovan, takes for {pk(X)} a system of (classical) 
orthogonal polynomials. The problem is then remarkably well-conditioned, at least for 
finite intervals [a, fl]. In support of this observation, we obtain upper bounds for the respec- 
tive asymptotic condition number. In special cases, these bounds grow like a fixed power of 
n. We also derive an algorithm for solving the problem considered, which generalizes one 
due to Golub and Welsch. Finally, some numerical examples are presented. 

1. Introduction. Let co(x) be a weight function on the (finite or infinite) interval 
(x, O) i.e., measurable and nonnegative on (x, fl), with all moments 

IY 

(1.1) l.1k = {xkw(x) dx, k = 0, 1, 2,..., 

finite and PO > 0. Given a set {Pk(X)}kt=0 of polynomials, with degree Pk = k, we 
call 

(1.2) Vk = Pk(x)O(X) dx, k = 0, 1, 2,... 

a~~~~~~~~~~~ 
the modified moments of w. Clearly, Vk = P-kI if Pk(X) = xk 

A Gaussian quadrature rule associated with the weight function O is a functional 

n 

(1.3) GnJs = Z 4n),f(:(n)), 
r 1 

which has the property that 

(1.4) GJf = { f(x)w(x) dx, all f E P2n -l, 

where P2n -1 is the class of polynomials of degree < 2n - 1. As is well known, Gn 
exists uniquely for each n = 1, 2, 3,. In fact, the abscissas in) are the zeros of 7ir(x), 
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(1.5) ir (O(n) = 0, r = 1, 2, n, 

where l ok(X)}k= 0 is the system of orthonormal polynomials belonging to the weight 
function w, 

=0 r : s, 
(1.6) degree 7tk = k, ?7r(X)Xs(x)W(x) dx = r 

a= 1 r = s. 

The weights A(n), too, can be expressed in terms of these polynomials, e.g., by 
n-1 \-1 

(1.7) AO) = :: [7k(4(n))]2) 2r = 1 2, 
k=O 

showing that AO) > 0. 
The problem we want to consider is the computation of the functional Gn (i.e., the 

computation of the abscissas ((n) and weights An)), given the modified moments Vk. 
In view of (1.5), (1.7), the problem may be considered as solved, once the orthonormal 
polynomials {ltk} have been obtained accurately. 

We note, incidentally, that these polynomials are also useful for the construction 
of rules 

n 
(1.3) ~ An' = i7~f(n) f + Z i(n)f(4(n)) 

r 2 

where 4 is an arbitrary real number with iCn- n ) # 0, and 

(1.4)'- ant =f f (x)(o(x) dx, all f E P2n-2. 

The abscissas a(n), r > 2, are then in fact the zeros (other than I) of 

(1.5)- On(X) = 9n - 1(497n(X) 7rn(0)7rn - l(4 

while the weights 3(n), r = 1, 2, ..., n, are still given by the expression on the right 
of (1.7), if r) is replaced by r ) and 1 - 4 [2, Sections 1.3-4]. 

The problem stated, in the special case Pk(X) = Xk, is classical, and a number of 
methods are known for its solution. However, the problem becomes increasingly ill- 
conditioned as n increases, as we have shown in [6]. In order to obtain high-order 
Gaussian quadrature rules in this manner, it is therefore necessary to resort to 
multiple-precision computations. Alternatively, more elaborate procedures may be 
used, such as the one in [6], which do not rely on the moments pkk. 

The general problem was considered recently by Sack and Donovan [12], in the 
case of polynomials {Pk} satisfying a recurrence relation 

(1.8) xpj (x) = ajpj+ 1(x) + bpj (x) + cjpj 1(x), j = 0, 1, 2,***; P- (x) = 0, 

with known coefficients aj # 0, bj, cj. If {Pk} are themselves orthogonal polynomials 
(e.g., Legendre polynomials, or Chebyshev polynomials of the first and second kind), 
and (a, JJ) is a finite interval, the results reported in [12] suggest that the problem is 
now remarkably well-conditioned. This new approach is therefore a useful alternative 
to the procedures mentioned above, in cases where the modified moments are accu- 
rately computable. 
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It seems worthwhile, therefore, to investigate the condition of the general problem 
in the case of polynomials {Pk} which are orthogonal with respect to some other 
weight function w(x) on the interval (a, b) [not necessarily equal to (X, /o)1 

rb 
(1.9) degree Pk = k, Pr(x)ps(x)w(x) dx = 0 (r # s). 

,a 

Such polynomials always satisfy a recurrence relation of the form (1.8). In Section 2 
we obtain upper bounds for the condition number of this problem, relative to both 
finite and infinite intervals (a, b). Asymptotic estimates of the condition number are 
given in Section 3 for certain classical weight functions on the interval [- 1, 1]. 
Rather strikingly, these estimates grow only like a fixed power of n. The condition 
is less favorable, in general, if the interval (a, /3) is infinite. In Section 4 we then derive 
an algorithm for solvingthe problem under study. The algorithm reduces to one 
given by Golub and Welsch [81 for the case pk(X) = xk and is similar (although not 
identical) to the algorithm of Sack and Donovan [12]. Some numerical examples are 
presented in Section 5. In particular, we obtain Gaussian quadrature rules Gn for 
n = 1(1)8, 16, 32, relative to the weight functions 

II Cos 
(x=2(1 sin MU x,) m = 1(1)12, 

on [- 1, 1]. Tables of the respective Gaussian abscissas and weights may be found on 
the microfiche card attached to this issue. 

2. Condition of the Problem. In studying the condition of our problem, it is con- 
venient to consider normalized modified moments as defined by 

(2.1) i,, = hj 1/2 Jk Pk(X)o(x) dx, k = 0, 1, 2, 

where 

rb 

(2.2) hk 2p(x)w(x) dx. 
a 

The normalized moments ik are invariant under different normalizations of the 
orthogonal polynomials {Pk}. 

The problem stated in Section 1 is then equivalent to solving the system of 2n 
(nonlinear) algebraic equations 

n 

(2.3) h12 Z E rPk(4r) = ik k = 0, 1, 2, ..., 2n - 1, 
r = 1 

for the unknowns Ar, f We can write these equations in vector form, 

(2.4) F(y) =, 

by letting y = [Al i.*, {, ; n 9 ? T = [Vow V1 * . V2n-1]J F = 
[FoFI,...,F2n-1], and 

n 

(2.5) Fk(y) = h- 1/2 ZrPk@r) k = 0, I..., 2n - 1. 
r= 1 
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In conformity with (1.3), we denote the solution of (2.4) by 

(2.6) T= )4,n) (n), <Wn t.n)]. 
Given a vector norm 11 * 1, and an associated matrix norm, we may define, as in 

[6], a (relative) asymptotic condition number Kn for the problem (2.4), viz. 

(2.7) K,, - ilII[F 

where FY(y) denotes the Jacobian matrix of F(y). An elementary computation shows 
that 

(2.8) FY(yO)= H"A, 

where 

(2.9) H = diag(h - 1/2, hj- 1/2 ...h- 1/2), A = diag(1, . . ., , 

are diagonal matrices, and 

POG, 1 ) ... POGJ P'O( 1" ) ..P0((G n) 
(2.10) ~ ~~~~~~~ I =, Pl) .. P I(tdJ P'l G J .. P'l((n 

P2n- I Gt 1 ) ... n-1(<n) P2n-1((>) ... P2 n-1I (11': 

(For simplicity, we have written gr for "(n), and Ar for A(') in (2.9), (2.10).) Therefore, 

(2.11) K_ < I II A 

For the following, it turns out to be convenient to work with the L1-norm 
2n- 1 

(2.12) IIYI1= ZE JYA, Y = 
[YO, YI ., Y2n-1]. 

k=O 

THEOREM 2.1. Let [a, b] be a finite interval. With {Il (x)}n 1 denoting the Lagrange 
interpolation polynomials associated with the abscissas {n)}jn 

(2.13) ,.(x) ri H 
(n) 

- <(n - 
-"'x_ I) 

let 

(2.14 L1, =J' ~ ~(x~wx) d, 

(2.15) , = max = 

1 _ *A < n 

Let, furthermore, 

b~~~ n 

(2.16) x f bx( x= pd(x)w(x)dx, 

(2.17) A, = max{ -xI :a m x Kb,. = 
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Then, using the LI-norm (2.12) in (2.7), we have 

(2.18) K < KMKn2)K(3) 

where 

(2.191) 4K() - max(1, 1/min A4n))[I + (2an + 1) Aj1/Q1o + E JrI 

(2.192) K42)= max (M/h 12) 
O _ u _2n- 1 

(2.193) K3) = L 

Remarks. 1. The quantity K(4) depends only on the weight function w(x), the quan- 
tity K(2) only on w(x), while K(3) depends on both w(x) and w(x). 

2. Normally, [a, /3] = [a, b], in which case An < b - a. 
Proof of Theorem 2.1. The key issue in the proof is a bound on the norm of E- 1-H -1. 

We first determine 1 explicitly. 
Let 

(2.20) PA(X) =I(X)[1 - 21' ( An)(X - )] 

(2.21) QA(X) =2(X)(X -(5) 

denote the fundamental Hermite interpolation polynomials belonging to the abscissas 
r :n)} Let 

2n- 1 2n-1 

(2.22) PA(x) = E aApp(x), Q(x) = E bApp(x). 
H=o AHo / 

Then, as in [4], one shows that 

(2.23) = [AJ, A = [a<,], B = [ba]. 

By the orthogonality of {pk(X)}, one obtains from (2.22) 

aA. = h { PA(x)p,(x)w(x) dx, bA = h I QA(x)p,(x)w(x) dx, 

or, in view of (2.20), (2.21), 

(2.24) a = 1(BAM - 2= (n) bA= 

where 

(2.25) Sn = IA(4An) 

and 

(2.26) aAIA 12(x)pI(x)w(x) dx, A = l2(X)pI(XXX - (jn))w(x) dx. 

We are now in a position to bound the norm of 'H. From (2.26), we have 
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ni n rb 

(2.27) 
1 ? 2 

JI(X)jp,)(X ) dx ? M 
A=1 1=1 a 

n n rb 

(2.28) l flij ? J l2(x)lp,(x)j Ix - (I)w(x) dx ? M, AnLn. 
A= 1 A=1 a 

Therefore, by (2.24), 

M _ 

,aA I <-A (I + 2 Ana)L, Z IbA ? h n- 
A=1 h = 

Consequently, 

(2.29) I7H-HII1 < [1 + (2an + 1)AjLn max M/hAV2. 
05?2nf- 1 

The theorem now follows from (2.11) and (2.29), by observing that 

n n 

(2.30) I 1 (4r + k~fl)|) = r'o + Z I'(rI, 
r=l r11 

and 

(2.31) 11A'II _ - max(1, 1/min Ain)). 

The following theorem is not restricted to finite intervals [a, b]. 
THEOREM 2.2. Let (a, b) be afinite or infinite interval. In addition to the notations of 

Theorem 2.1, let 
b _ _ 2 

L = {: [ 2(X) w(x) dx, , 
_A = A 

(2.32) rb n 2 

LN 2 = f [ l2(X)|X - ~(n)I w(x) dx. 
a A= 1 

Then, using the Ll-norm (2.12) in (2.7), we have 

(2.33) k < k(')k 

where 

(2.34) -() _max(1, 1/min A(n)) n o+ ni 1k(n ( * ) n 80 + EY r= 1 lrI 
(2.35) k(2) = (Ll/2 + (1 + 2ofn)Lnl/2)IliIil 

Proof The proof is virtually the same as that for Theorem 2.1, except that the sums 
in (2.27), (2.28) are estimated differently, using Schwarz's inequality: 

n rb n 

Z aAI < 1 Z II(x)lp,(x)lw(x) dx 
l=l a A=J 

< { 12(X) w(x) dx { p2(x)w(x) dx} - hl2Lliiz2 
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n rb n 

E_ lIS1HI< j 
1 

E1(X)IX - i1 InpS,(x)Iw(x) dx 
A= 1 ~a A= 1 

b fn _ 2 '%b 1/2 

{f LE l2(X)X -_ (n)j w(x) dx f p2(x)w(x) dx -h /2L' /. 

Hence, as previously, 

6-#-1H-111j < Ln,' ? (1 + 2on)Ln,'2 

and Theotem 2.2 follows from (2.11), (2.30), and (2.31). 
For infinite intervals (ox, fl) the bounds in (2.18) and (2.33) are likely to be very large, 

even for only moderately large n, on account of the smallness of min ir) Severe ill- 
conditioning, in such cases, is therefore a potential hazard. Example (iii) of Section 5 
illustrates this point. 

3. Asymptotic Estimates of Condition Number. We illustrate Theorem 2.1 of the 
previous section by considering some special (classical) weight functions. We use the 
notation 

an 'bn as n -+so 

to express the fact that 1an/bnI remains between positive bounds not depending on n, 
as n -+ o0. 

THEOREM 3.1. Let [a, b] = [ac, ] = [-1, 1]. 
(a) If ow(x) = (1-x2)a, -4< a < 0O then K(1) < Kl), where KR") : n2a+3 as 

n -* o0. 

(b)If w(x) =( xr(1? + x), a > -1, /3>-1, then, as n -*o, Kn A 

nq+l/2 if q ? -4, and K(2) 1 if q < -4, where q = max(a,/3). 
(c) If o(x) = w(x), then K(3) = 32 

(d) If c)(x) =(1-x2) < a < 0, and w(x) = (1-x2)4, >-4, then 
K(3) < (), where,as n -oc, K(3) ' n #+3/2 if a :# 0, and K( A' nl+712 if a 0. 

Proof. (a) The polynomials 7lk(X), in this case, are the ultraspherical polynomials 
P(a a)(x), properly normalized. We assume the zeros - ) of P(a a)(x) numbered in 
decreasing order, 

(3.1) 1> 41 > 42 > ... > On > 1 

They are symmetrically distributed with respect to the origin, i.e., r = -n+r 

It is known [14, p. 121] that for Ic <2 

(3.2) cos r ' + r ?<cos (r - - r =1 2,..., [n/2]. 

From this one obtains by an elementary computation 

cot 
2(n + 1) 1- E 

Lrl-sin(7r/2n) 

It follows that Y= 1 I>rI A n, and therefore 

**The result in the case a = 0 could be sharpened to read K{3) 
: n0 5/2In2n. See footnote * 
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n 

(3.3) /Io+ Z I'rK'f n as n -oo. 
r= 1 

For the corresponding Christoffel numbers An) we have [14, p. 350] min $) = 

A(n), whenever a _ -2. (Note that for a = -2 all AO) are equal to 7c/n.) Moreover 1 - 2 ~~ ~~~~~~~~~2 n) 

[14, p. 350], AO) A_ n- 2a- 2. Therefore, 

(3.4) max(1, 1/min AO)m n2a 
+ 2 as n -* oo. 

In order to estimate an in (2.15), we recall (see, e.g., [11, p. 63]) that for a < 0O 

(3.5) vA(x) > I a on-I < x < 1, 

where 

vA(x) = 1 - 2l'(4A)(x - 

We distinguish two cases, depending on whether l'A(A) > 0 or l'A(4) < O. In the 
first case we let x = 1 in (3.5), and obtain 

IA(U < 2(1 A): 

Using (3.1) and (3.2), we get 

IA(4A)I 2(1 )= 2(1 - cos(r/2n)) 4 sin 2(7r/4n) 

In the second case we let x = -1 in (3.5) and obtain by a similar reasoning 

Lxil < 1 - Joel < 1 - lai 
I t(UA) <2(1 + C)-2(1 + ) = 4 sin2(ir/4n) 

Thus, in either case, 

I- Joel 
I A(4A)< 4 sin2(r/4n) 

and it follows that 

(3.6) a = max 'A(,A)j ? a, a n as n -* oo. 
A 

Combining (3.3), (3.4), and (3.6) gives the desired result. 
(b) With p,,(x) = P,','O(x), and q = max(ac, /1). we have for the quantity Mg in 

(2.16) [14, p. 166] 

TQp + q + 1) 
(3.7) M I-(q + 1)F( + 1) 

p 
if q 2' 

and 

(3.8) M Sie if q < - 

Since 
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ry++i r(,++1/2 12 h1_2 2(a+_+ 1)/2 ________ a_+_______+___+_1)____ -1/2 

8 l~~~(2y1 + ac + P + 1)]F(p + lpp ,+ a + f+ 1)2 _~~~~~~ hi (3.9) 

the assertion follows. 
(c) Since w(x) = w(x), we have Ln = yo (see, e.g., [11, p. 52]), and io = /go, 

vk = 0 for k > 0, giving K(3) = 3/2 as asserted. 
(d) In the ultraspherical case w(x) = (1 - x2)a, - 1 < a < 0, it is known that 

[14, Problems 58, 60] 
n n1 11 1 

EA() _ I < < ) 
tan2(37r/4(2n + 1)) 

uniformly on [-1, 1]. Therefore, 

Ln =moll a i (-I < a < O), 
(3.10) Ln ! Ln, 

2 
3ir 

Ln= mo/tan 4(2n + 1) (a = 0), 

where mo = .-, w(x) dx. In particular***, 

Ln I (-I1 < a < O), 
(3.11) Ln n (a=O). 

From (3.7), (3.9) (with a = /3 = q) one finds by a simple computation that Mk/h '/2 
is an increasing function of k, if P > -a, and constant (for k > 0) equal to 2/l/1, 
if/3= - . Therefore, 

2n-1 2n-1 

,hi!1 = Z Hvk| < Ho E Mk/h 1'2 < yo2nM2n-.1/h 2n1 
k=O k=O 

and using the asymptotic estimates in (3.7) and (3.9), 

(3.12) 11i111 ?-Nn, N1 -.I+3I2n 

The desired result now follows from (3.10)-(3.12). Theorem 3.1 is proved. 
As an example, suppose we generate the Gaussian rule Gn associated with the 

ultraspherical weight function (1- X2),, -2_ I < ? 0 using as fPk} the ultraspheri- 
cal polynomials with parameter /, - < /3 < 0. Then Theorem 3.1, together with 
(2.18), tells us that the associated condition number Kn satisfies Kn < kn, where, 
as n -+ oo, 

Kn -~, n 2 a) if a 0 and o 3, 

Kn n2f+7 ifa =0and/ 1 O0, 

kR n3a+7/2 if a nf fc~3 

***In the case a = 0, the sharper estimate Ln < L* L* - n ln2n could be obtained by using an 
estimate for E',=1 IlA(x)I, due to G. I. Natanson [10], in conjunction with the inequality EnAj lA(x) ? 

(EA' = 1 1 Iz(X)|),. 
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Theorem 3.1, and the example just given, are presented here for the sole purpose of 
illustrating the magnitude of the condition number for the problem considered. It is 
not suggested that for such classical weight functions Gaussian quadrature rules be 
constructed from modified moments, since the respective orthogonal polynomials 
are explicitly known. 

In practice, co(x) being given, we have no control over x14). However, we may 
influence the magnitude of K(2), and to some extent that of K(3), by an appropriate 
choice of the polynomials {Pk}. In this connection, part (b) of Theorem 3.1 suggests 
the Chebyshev polynomials of the first kind, pk(X) = Tk(x), as both convenient and 
well-conditioned. With this choice, in fact, K(2) = (2/r)1'2. 

4. An Algorithm for Generating Orthonormal Polynomials. We now derive an al- 
gorithm for generating the orthonormal polynomials {T7k(X)}kO of (1.6), given a set 
of polynomials {pk(x)} (orthogonal or not), satisfying the recurrence relation 

xpj(x)1L ajpj+ l(x) + bjpj(x) + cjpj (x), j = 0, 1, 2, ... . 
(4A) p-1(x) = 0, aj 0 0, 

and given the associated modified moments {vk}2n of (1.2). Our aim is toward deter- 
mining the coefficients c1, /3j (J = 0, 1, 2, .. ., n - 1) in the recurrence relation 

(4.2) x~xj(x) = oAj+ l(x) + /3#jj(x) + cj_ 171jh J(x), j = 0, 1, 2,...; c- l(x) = 0. 

We denote by 

(f, g) = f(x)g(x)w)(x) dx 

the inner product with respect to which the 7tk(X) are orthonormal. Let M = [mij] be 
the Gram matrix of order n + 1, i.e., 

(4.3) mij = (pi, p) (i,j = 0, 1, ..., n). 

Clearly, M is positive-definite. Let 

(4.4) M = RTR, R = [rij] 

be the Cholesky decomposition of M, and 

(4.5) S = R-', S = [sl]. 

Both R and S are upper triangular matrices with positive diagonal elements. By an 
observation of Mysovskih [9], 

(4.6) 7tj(x) = s01p0(x) + s1 p1(x) + + siipJ(x), j = 0, 1, ..., n. 
Substituting (4.6) into (4.2), we can write 

X[SOjp0 + + Sj -1,A -p + SjA1j] 

= lj[sj+1po + + sj,j+lpj + sj+l,j+lpj+1] + flASo[0p + * + sjAp] 
+ aj_ 1[soj-p0 + + sj1,1j- Pp 1]. 
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Each term on the left, in view of (4.1), can be expressed as a linear combination of 
p's. Having done this, coefficients of equal p's must agree on both sides, because of 
the linear independence of the system { Pk(X)}. In particular, comparing the coefficients 
of pi+ 1 and pj, one gets 

sjjj= ojsj+ jj+ 1, sjjbj + sj- 1,jaj- 1 = ojsj1,j+ 1 + fsjsj, 

from which 

Xa [1 = b_- bj"- a1 + ---'aj-a1. 
sj+ 1 j+ 1 sj+ 1 j+ I Sj 

Since 

Sjj =- (0 = O. ,... n), 

sj~j+ 1= - rjj+1 = 0, l...,n - 1), 
rjjrj + 1,j + I 

one finally obtains 

(j = ffjw+ 1 I aj, 
aj, 

(4.7) j=0,l,...,n-1 . 

j = bj + aj1j +- _a __l_ aj_1, 
rjj J rj- ,j-1 

For j = 0, r-1,0 is to be interpreted as zero, and r- ,,- as an arbitrary nonzero 
number. 

We note that the formulas (4.7) reduce to those of Golub and Welsch [8], if aj = 1, 
bj = Cj = 0, i.e., Pk(X) = Xk. Also, of course, M = R = I, and thus cj = aj, 
flj = bj, if Pk(X) = 7rk(X). 

Once the Gram matrix M is known, the desired coefficients aj, f1j can thus be ob- 
tained from (4.7) by a Cholesky decomposition of M. 

The Gram matrix M, on the other hand, can be built up from the modified mo- 
ments v1 in the following manner. Applying the recursion (4.1) twice, one has 

mij= (pi = (aj1 [(x - bi-)pi-1 -Ci- Pi-21,Pj 

= E(xpi- 1, pj) -bi- 1(pi- 1, pj) - C- 1(Pi- 2, Pj)_1 

- 1 [(pi- 1, xpj) - bi- 1(pi- 1, pj) -Ci- (Pi-2 Pj)] a -1 

-1 [aj(pi l, pj+ 1) + bj(p,- 1, pj) + cj(pi- 1, pj- l)-bi (pi- l, pj) 

tCi- I(Pi- 2 P i)], 

that is, 
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(4.8) mij 
I 

Fajmim - j + 1 + (bj - bi. 1)mi_ 1,j + cjmj -,j- 1 - CiImi2,j1. 

Since 

(4.9) m j = 0, Moj = pvj (U = 0, 1, ..., 2n), 

we have in (4.8) a recursive scheme to progressively build up the matrix M, using (4.9) 
as initial values. 

The involvement of v2n in (4.9) may appear puzzling at first, the Gaussian rule Gn 
being determined uniquely by the first 2n modified moments vj,j = 0, 1, 2,... ,2n - 1. 
Actually, the role of v2n is just that of normalizing 7rn(x), and its value affects neither 

nor A4n), in view of (1.5), (1.7). 
The algorithm presented here does not compare favorably with the algorithm of 

Sack and Donovan [121 in terms of speed and storage requirements. Our derivation, 
however, appears to us more transparent than the derivation given in [121. 

5. Numerical Examples. All computations described in this section were carried 
out on the CDC 6500 computer in single precision arithmetic. 

(i) We repeat and extend some of the experiments reported by Sack and Donovan 
r 121. For pk(X) we choose in turn xk, (1 + x)k, Pk(x), Tk(x), Uk(x), where Pk, Tk, Uk 
denote, respectively, the Legendre polynomial, and the Chebyshev polynomials of 
the first and second kind. We apply the algorithm of Section 4 to produce the coeffi- 
cients orc fir r = 0, 1, ..., n - 1, in the recurrence relation for the normalized 
Legendre and Chebyshev polynomials, making use of the appropriate modified mo- 
ments shown in Table 1. (Notations: (2n)!! = 2- 4 ... (2n), (2n + 1)!! = 1 3 5 
(2n + 1), 0!! = (-1)!! = 1, (-3)!! = -1.) 

TABLE 1. Modifiedloflieflis 1o,, 

k() 1 (1- X2)- 1/2 (1-X 2)12 

XI' kkeven 2/(k+1) (k-1)!!r/k!! (k-1)!!nl(k+2)!. 
kodd 0 0 0 

(I +X~k 2k+ /Ak + 1) 2k(2k -1)t!!i/(2k)!! (2k + 1)!!ir/(k +2)! 
P (x) k even (k !)2ir/(k! !)4 - (k - 1)!!(k-3)!!i/(k!!(k + 2)!!) 

kodd 0 0 
Tk(X) k even -2/((k+ lXk-1)) i/2 (k=0) 

- 7r/4 (k = 2) 
k odd 0 0 (otherwise) 

Uk(X) k even 2/(k + 1) 
k odd 0 0 

For the first two choices of pk(X), as is to be expected, the Gram matrix M becomes 
increasingly ill-conditioned with n increasing, and the Cholesky decomposition of M 
eventually breaks down on taking the square root of a negative number. Prior to this, 
the errors in ocr and flr steadily increase, except for flr in the first case [Pk(x) = xki, 
where the algorithm consistently returns the correct value fl - 0. Sample values of 
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errors are shown in Table 2 for the case w(x) = 1. The Cholesky decomposition, in 
this case, fails at n = 23 and n = 12, respectively. The situation is very similar for 
the other two weight functions. 

TABLE 2. Errors in. the recursion coefficients for normalized 
Legendre polynomials. 

Pk(X) = xk Pk(X) = (1 + X)k 

error in oer error in or error in fr 

r= 5 1.9 x 10-12 1.8 x 10-8 1.1 x 10-8 
10 5.3 x 10-9 2.3 x 10-2 1.0 x 10- 
15 1.9 x 10-- 

20 2.5 x 10-2 
25 

No problems of any kind are encountered for the remaining three choices of pk(x), 
even going with n as high as 100. The coefficients or, fir are obtained essentially to 
machine accuracy, the largest error observed being 7.1 x 10- 14. 

(ii) Weight functions of interest in Fourier analysis are w)(x) = cm(x), and wj(x) = 

Sm(x), where 

(5.1) 2m(X)=2(1 + smtx), -1 _ x < 1; m = 0, 1, 2. 
SM(X) = '(I + sin mntx), 

Writing Fourier coefficients in the form [15] 

2L J'__ f(x)cos mx dx = f(nx)cm(x) dx- f (7rx)so(x) dx, 

(5.2) 

2 J f(x)sin mx dx = (itx)sm(x) dx-f f(7rx)so(x) dx, 

m= 1,2,3,..., 

the first integrals on the right may be calculated by an appropriately weighted Gauss- 
ian quadrature rule, and the second integrals by classical Gaussian quadrature. To 
the best of our knowledge, no extensive tables exist for Gaussian rules Gn associated 
with the weight functions (5.1). Admittedly, their usefulness is somewhat limited, 
because the set of points at which f must be evaluated differs from one Fourier co- 
efficient to another. 

Our algorithm of Section 4 may be used to generate the required orthonormal 
polynomials. It is convenient to use it with Pk(X) = Pk(x), since the modified moments 
can then be expressed in terms of spherical Bessel functions. In fact, using [1, p. 122] 
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eimxPk(x) dx = ik ( Jk1 k+ 120 

we obtain in the cosine-case 

(5.3) vO = 1, V2k = (2m) J2k+ 12(m) (k > ), V2k+ 1 = 0 (k ? 0), 

and in the sine-case 

(_ )k+ 1 

(5.4) vO = 1, V2k-I = (2m)1/2 J2k-l/2(m*r) (k > 0), V2k = 0 (k > 0). 

To compute the Bessel functions in (5.3), (5.4), we use the procedure Japlusnt of 
[5], and the Gaussian abscissas and weights have been obtained using the relevant 
portions (both sequential and nonsequential) of Algorithm 331 [7]. The results are 
checked by having the quadrature rules regenerate the modified moments. 

Table 3 of the microfiche section gives 12D values of Urn), itrn), A4n) for the Gaussian 
rule (1.3) associated with co(x) = cm(x), for n = 1(1)8, 16, 32, m = 1(1)12. (Because 
of symmetry, only the nonnegative abscissas and corresponding weights are listed.) 
Table 4 contains the analogous information for w(x) = sm(x), m = 0(1)12. 

(iii) To give an example for an infinite interval, we consider the "one-sided" 
Gauss-Hermite quadrature rules (1.3) corresponding to o(x) = a-X2 on [0, ce). 
Tables for such rules were recently published in [13], [3]. It seems natural, in this 
case, to choose pk(x) = Hk(X), the Hermite polynomials orthogonal with respect to 
w(x) on (- o, oe). Then clearly, 

(5.5) vo = Vir/2, V2k = 0 (k > 0). 

To compute V2k+ l, we start from the explicit representation 

H2k+ 1(X) = ? 1 
(_ 2k +1~(2r)! 22k+ 1 __x2k+ 1 -2r 

r_ ( 2r ) 2 r! 

Multiplying both sides by e-X2, and integrating between 0 and oC, we obtain, in 
view of fo e x2x2k+ 1 -2r dx = 2(k -r)! 

V2k+ = e-X2H2k+l(x)dx = E -i_)r( 2 )2rr! 22k-r(k -r)! 

or, after simplification, 
k k k 

(5.6) V2k+ 1 - E s), srk) - 2k( - 1)r H (2i) H (2i + 1). 
r0= i=r+ 1 i=k-r+ 1 

Each s W being an integer, the sum in (5.6) can be evaluated in integer arithmetic 
without loss of accuracy, as long as no overflow occurs. Even so, however, it is found 
that the Gauss abscissas and weights obtained by our algorithm gradually deteriorate 

t This procedure calls the gamma function [(1 + a). Since a = 1/2 in our application, we have replaced 
"gamma(l + a)" by its numerical value V/n/2 = .88622692545276 in the procedure body. 
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in accuracy. For n = 6, for example, only 9-11 correct significant digits are obtained, 
while for n = 12 only the first 2-4 significant digits are correct. It is believed that 
this deterioration of accuracy is a reflection of the progressive ill-conditioning of 
our problem. The quantity min A('), in fact, is about 9.8 x 10'- for n = 6, and 
1.2 x 10-10 for n = 12, resulting in a value of /41) in (2.34) of the order 104 and 
1010, respectively. 

Note Added in Proof. A substantially greater loss of accuracy is observed in 
Example (iii) if for pk(X) one chooses the Laguerre polynomials Lk(x) instead of the 
Hermite polynomials Hk(x). It is found that the Cholesky decomposition (4.4), in 
this case, breaks down for n = 7, and the final results for n = 6 are correct to only 
3 decimal digits (using single precision arithmetic on the CDC 6500). 

It is instructive to compare the condition number Kn for these two choices of the 
polynomials pk(X) on the basis of Theorem 2.2. The constant /41) in (2.34) being the 
same for both choices of Pk~ it suffices to compare k 2) in (2.35). Using the Gauss 
abscissas published in [31 to compute the Lagrange polynomials IA(X), the quantities 
Ln1 and Ln2 in (2.32) may be evaluated by 2n-point Hermite quadrature (if Pk = Hk) 

and by 2n-point Gauss-Laguerre quadrature (if Pk = Lk). This will give LnI exactly 
(apart from rounding errors), and Ln,2 at least approximately. For n = 6, one obtains 

Ln, = 3.25 x 1010, Ln2 = 3.80 x 1011 (Pk = Hk), 

Ln, = 1.72 x 1019, Ln,2 = 8.42 X 1021 (Pk = Lk) 

Since 1 is of comparable magnitude in both cases (approximately .808 for Pk = Hk, 

and 1.84 for Pk = Lk), one concludes that k 2) has the order of magnitude 106 in the 
case of Hermite polynomials, but the order of magnitude 1011 in the case of Laguerre 
polynomials. 
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GAUSSIAN QUADRATURE FORMULAS FOR TEE INTEGRATION 

OF OSCILLATING FUNCTIONS 

Robrt PIESSENS 

Introdt 0 University of Leuven, Belgium. 

A table of weighs and abscissas for the 2N-point Gaussian 

integration formula 

f f(x) sinx dx * j (w r(xj)-w. f(-x.) J o < <w (1) 

is given for NmI(l)9 

Calculation of absgipsas-and weights 

It is eisy to demonstrate that the abscissas xj and weights 

w. are given by 

x /u (2) 

, jsl,2,. .J 
v . b /x. (3) 

where uj and bj are the abscissas and weights of the N-point 

Gaussian quadrature formula 

*2 

f sin/iF g(u) du h V. g(u.) 

The eight function tsin'i- in (Ii) is nonnegative on the inter- 

val of integration [ 0 ,w2 3 and thus u. and b can be cal- 

culated as is pointed out by Andersonf[] or Gautschi[2] W Ve 

have used Anderson's method. 

The calculations are carried out on the IBM 1620 of the Compu- 

ting Centre of the. *University of $uven. 
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